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Abstract 


The  lowest  order  Tamm-Daneoff  equations  for  the  mssoa~nucleo.il  system 
are  derived  by  the  method  of  Cinl,  using  tho  wave  "functions  defined 
by  Dyson*  The  contributions  of  the  meson  end  nucleon  self -onorgios 
to  the  kernel  of  the  momentum-space  integral  equation  are  renormalized. 
Their  effects  are  absorbed  into  the  coupling  G , making  it  momentum 
and  energy  dependent*  The  effective  coupling  turns  out  to  exhibit  an 
anomalous  behavior,  having  a pole  for  a space -like  momentum,  to  which 
it  is  diificult  to  attach  a sensible  physical  interpretation* 


I*  Introduction 

Calculations  of  the  meson-nucleon  scattering  phase  shifts  have 
recently  been  performed,  by  the  Tsma-Dancoff  Method  * ^ lids  paper  is 
essentially  a continuation  of  one  in  which  that  undertalcing  is  re- 
ported* The  lowest -order  Tamm-Daneoff  equations  were  there  derived 
and  solved  approximately  by  numerical  methods,  with  several  of  the 
•berms  in  the  kernel,  namely,  those  which  correspond  to  the  nucleon, 
mason,  and  vacuum  self -energies,  and  some  which  occur  only  in  the 
I ~ l/2,  J 55  l/2  state,  simply  dropped*  It  is  the  purpose  of  the 
present  paper  to  ascertain  the  effects  of  the  former  omission  on  the 
scattering  phase  shifts j in  other  words  to  find  the  renormalization 
corrections  to  the  scattering  in  states  in  i/hich  either  I or  J,  or 
both,  are  different  from  l/2. 

Cue  of  the  omitted  terms,  the  vacuum  self -energy,  cay  be  eliminated 

by  a simple  redefinition  of  the  Tamm-Daneoff  amplitudes,  as  was  shown  by 

(2) 

Dyson*'  ' In  addition,  this  redefinition  makes  possible  a consistent 

(3) 

relativistic  renormalization  of  mass  and  charge*  In  order  to  perform 

(1)  M*  Fubinl  Ruovo  Cimento  iQf  564}  P.  Dyson,  S.  Schweber,  and 
W*  Visscher  Pliye.  Bev*  22,  372, 

(2)  F.  J.  Dyson  Fhys.  Bev.  ^ 994  (1953).  We  shall  call  Dyson’s 
modification  of  the  Tamm-Dancoff  theory  the  DTD  theory* 

(3)  F*  J.  Dyson  Fhys.  Bev.  21  421,  1543  (1953) 


\ 


a reliably  'unambiguous  separation  of  the  divergent  parts  of  the  self- 

energy  integrals,  it  is  essential  to  write  them  in  a covarlanb  fora. 

1/ ) 

For  this  purpose  ire  use  the  method  of  Gird  w/,  applied  to  the  DTD  the  ory  o 

In  part  HI  we  reduce  the  equations  derived  in  part  II  to  a fom 

similar  to  that  obtained  formerly  ^"4  They  turn  out  to  be,  in  fact, 

identical,  except  for  some  of  the  self-energy  terms,  and  ono  of  the 

terms  that  occurrs  only  in  the  I = l/2,  J = 1/2  state*  Thus  tho  self™ 

energy  corrections  which  will  be  derived  In  Part  I?  may  be  applied  to 

d' 

the  phase  shifts  calculated  previously*'  ' Tho  results  are  discussed 
in  part  V* 


IIo  The  Cinl  method  applied  to  the  DTD  equations* 

We  define  a two-particle  amplitude 

f'e>) 

where  I*  w is  the  interacting  vacuum  state  in  tho  interaction  re- 
presentation, (t)  is  the  real  state -vector  in  tho  interaction  re- 
presentation, and  (x)  and  (y)  are  interaction  representation  ope.r. 
for  the  nucleon  and  meson  fields,  respectively®  x and  y need  not  be  on 
space-like  surface  t«  (t)  and  O' (t)  satisfy  the  Sdirodinger  equal; 

Jr~ 

; i5i° 

At 

It  is  a consequence  of  equations  1 end  2 that  ^ ' 

4W.(*’T  • ^ ' &«(*'  V ' ' = - [cl  i ' [ 4i  " 

•'-<33  J 

( ijl")  L Mr h"))  f,<x)  fyvj] 


a) 


.tor 

the. 

cn 


(2) 


(3) 


(4) 


H.  Cinl.  Nuovo  Gimento  10  526  (1953) 
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!~3~ 

if  one  requires  that  the  initial  state  (p^~  co)  be  i.  state  with  one 
meson  present „ 

We  choose  equation  (3)  as  the  fundamental  equation  for  our  system, 

because  it  will  yield  results  in  a simple  way  which  are  equivalent  to 

the  lowest-order  TD  approximation 0 The  Tasnm-Oancoff  approximation  as 

applied  to  equation  (3)  may  be  stated  in  the  following  manner*,  One 

arranges  the  operators  occurring  in  the  integrand  in  the  normal  order, 

(absorption  operators  to  the  right  of  emission  operators)  yielding  a 

sum  of  terms  of  the  general  form  of  ^ (x,y?t) , possibly  containing 

more  than  two  field  operators « We  then  drop  all  the  terras  except  those 

having  exactly  the  form  of  & (x,yjt)©  That  this  procedure  is 

equivalent  to  a Tamra-Dancoff  approximation  my  bo  seen  in  the  folio*, ring 

way®  A diagram  is  drawn  in  figure  1 which  is  a convenient  way  to  enumerate 

the  non*»zero  matrix  elements  of  the  interaction  Hamiltonian  Hj®  Since  Ej 

contains  two  nucleon  field  operators,  and  one  meson  operator,  the  non -sere 

elements  are  only  those  between  states  which  differ  by  zero  or  two  nucleon^ 

and  by  one  meson®  The  lines  in  Fig®  1 represent  matrix  elements  which 

connect  the  n ground  state3  (1  meson,  1 xmcleon  in  state  ^ in  excess 

of  those  in  Cpe  ) to  other  states®  It  is  clear  that  our  approximation 

is  equivalent  to  the  Tama-Dancoff  approximation  which  restricts  the  allovred 

states  of  the  system  to  the  solid  circles  in  Fig,,  1® 

When  the  above  procedure  has  been  carried  out,  we  shall  be  left  with 

an  integral  equation  for  <b  (x»y„t)  similar  in  appearance  to  the  lowest 

* v ^ 9 

order  Bethe  ~Salpetor  equation  for  tho  meson-nucleon  system,  with  the  important 
difference  that  our  field  operators  are  in  the  interaction  representation, 
and  their  time "dependence  Is  known® 
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(4) 


Inserting  ^ H~(/0 


1-1  rw)«  $J*)  <+>«-> 
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into  Eqt  (3) , we  obtain  ^ /*  c f 

o-  «*A y ’ 5 ^ J ^ 1 Jj 

( $jy*)  [ ^ ^ T*  4ktMr>  ^ E+ w ^ ^ f ^ , fy*>  4>Jy)J ] ¥&<>)) 


(here 
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The  double  commutator  in  (5)  may,  without  such  difficulty,  be  pat 
into  normal  order?  if  one  retains  only  those  terms  which  correspond  to 
a one-meson,  one -nucleon  amplitude,  it  becomes 

-si  9r  o»^f  (<  + 1 @ ■ p ) l< 4<w ) 4«5)^ ($(“S) ) /, ] ja ^ j (u>m 

-lc  (l-f)Sf  f 

r - — n (G>  (fc)) 

^ >)0 + ( <|>^)  4**  >>„<  ) 4'  ^ >>.  j 

X ^.(  I i-  £(h-“*)P  )(^y  (kw) 

^ j<  4^-0  ^^>eys<+^) 

c _ * **- 1 e ^ tft f 5 + o ) ^ u<o) 

- <,  s c*  #X  4,<w  j vK*^d yx^  j 

X fcT*T*<k«)4'fM0  (b(«o) 

By  application  of  the  usual  rules  for  drawing  the  Feynman  diagram 

corresponding  to  a given  S-matrix  element,  the  terms  (6(a|)  “(6(e))  may 

be  seen  to  correspond  to  the  time-ordered  graphs  drawn  in  Fig.  20 


It  will  be  noticed  that  the  graphs  (a),  (b) , and  (o)  occur  alone,  without 
their  negative “energy  intermediate  state  analogs  , and  that  tho  vacuum 
self -energy  fails  to  appear  at  all,  in  contrast  to  what  one  finds  trith 
the  old  Tamm-Dancoff  method o The  reason  that  these  terms  do  not  appear 
is  that  the  structure  of  the  commutator  in  Eq*  (5)  is  such  that  any 
Feynman  diagram  representing  parts  of  it  must  have  a line  connecting 
z with  x or  y , or  both. 

(5) 

If  we  next  insert  the  propagation  functions  defined  by 


£(*■%)  P<  ^ +“4  0.  » - i ^ 
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vacuum  expectation  values  in  6(d)  and  6 (e)  which  depend  on  field  operators 
at  w and  z,  we  nay  extend  the  integration  over  w in  (5)  to  all  space-time, 
because  6(a),  6(b),  and  6(e)  are  already  zero  when  b0<^  v * The  result 
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of  this  substitution  is  that  (5)  becomes 


^ w 

- idH  4ur 

-**  La> 

v» 

3 S (*  * O A ti t - «*r)  S % *«'’")  •+•  — (x  * * > K-  A^f  - -v>  S/2  ’ u/")  ^rj  ^ ' wr°^ 

H* 

+ i *s  S-(»-«o  ysSf(^-o} 

f -£  f * ti-j  -i;  S(*  • i)  t ^C-g-  *)$(*•  fcjj  4*  Jgj 

f ii  5(1-0  + Sfft -^)j  rr-L.t*  ^ 

. , ( <■■, >/  0<v-n  •+  %’ri*-«r)  K-'Sa^'  s)j 


+ A(n-»)(’-S‘«-«r)  *,.  SAV-»>  ■» 

X jrvTtt* 

•f-  S (X  * i)  ^ ^ SjjX*  + * )J 

«■  (..  Tj,  <^>a6*r,  t.-O  \ 
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III*  Reduction  to  the  non-eovariant  form. 

It  vill  be  noticed  from  the  form  of  (j>  (s^y^t)  that  it  is 
non- zero  in  four  different  physical  situations^ ).  specifically t 
decomposing  ^ sod  <£>  into  their  positive  end  negative  energy  parts, 

i 4>*  + 5 


\ 


(9) 


•7- 


7” 


where,  for  example, 

V-  1)=  ( ia  *t)  <k  <*>  4f' V ^/tJ)  . 

This  decomposition  may  be  done  explicitly  here  because  the  tine  dependence 
of  the  interaction  representation  operators  (J)  and  p is  known.  A non-* 
aero  corresponds  to  having  a meson  end  a nucleon  in  the  stato  ^ 

in  excess  of  those  in  ^ to  one  more  nucloon  and  one  less  meson; 

(p^  to  one  more  meson  and  one  less  nucleon,  ^ to  one  less  ruoson  and 
one  less  nueleon  in  than  ^ . He  will  now  operate  from  the  left  on 

Eq.  (9)  with  a positive  energy  projection  operator  for  both  nucleons  and 


mesons,  yielding  a somewhat  simplified  equation: 

£ 

- 4>  ^fy,  --  ,6*  [ft  Uf 

^ sJ  /Irt  I 


|jSV*K  A7?;S(?;  >V  +^f  sV-  i 
4*:  + $«.  J c ^ i ^ 1 i-  sv^  ^f?)  b,-  sc-n 

+ - &V  -*)  s (/-«)  h-(V '4  {>«(*-?.  »•  >,  *•■£) 

2* 

+ A+(V?J  St«-*^^.-V'T)y.-T»Tx<}>4(i,*-t,?.-0  (i0) 


4-  b <* * 2 ) a+(^  - ^ + f ) Jfs  Stl(f ) ^ *•&  i*.  2 - ^ ) j 


\ 
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This  is  exactly  the  equation  which  would  have  been  obtained  if  ve  had 

• j.  +• 

started  with  dp  in  equation  3.  Uo  will  next  drop  all  terras  on  the  right- 
hand  3ide  of  eq.  (10)  which  contain  either  racoon  or  nucleon  negative-energy 
amp  litudeSc,  This  i3  consistent  with  the  Tamrrt-Dancoff  approximation;  the 
dropped  components  of  the  wave-function  are  not  among  these  connoctcd  cn 
figure  1 to  the  ground  state 0 

The  terms  in  eq.  (10) containing  Sff)  SiS)  SC"*  i>  ) and 

SCT)  will  drop  out  in  ths  integration  over  g * 

After  dropping  the  negative-energy  amplitudes,  we  take  the  Fourier 


•f-  *r* 

transform  of  equation  (10)  0 The  expansion  of  is  found  to  ba 

j ^ l- r)  L 


where 


S t i - V'o/^o  j 1'  % ) 


(M  end jM  are  tho  masses^  the  nucleon  an£  meson)  » end 

dX{S^,%  «■  i O = ( i0(t  ) b**.  jit))  „ Here 

0 „ ^ and  are  annihilation  operators  for  tho  nucleon  and  meson, 

c 

respectively.  Inserting  the  time  dependence  of  the  state  vectors, 

Jit)*  ,j>o) 

-r  - <.Cu&'H0)t  T 

‘ijt;-  & i^0) 

where  M o Is  the  no-interaction  Hamiltonian,  E.  is  the  total  energy  of 

the  system,  and  G0  is  the  vacuum  state  energy,  equation  12  becomes  (?  - h.  - '-0 ) 

-«-(!'  ) f 

-h,r«  - ( 40*oJ  bru.  ) , 

With  this  notation,  equation  (10)}  written  5n  momentum  space  in  tho  center- 
of-mass  system  become,”.  ( p s.  momentum;  of  nucleon  ; 6 ~ L * £ p * ^tO 


-9< 


A ojpu.rV*)  ~ ~ 

H 


%$/?)*!-•■'*’>)  &e(1) 

' ] ..flt.ntiiis; 

x fe  t ex  05u  > *»■  *“ 

g1-  Ws  SpU-s^k-s^}**'1 


m’g1 


/,-<;>  /.  A.w)  if,-  w)) 

+ ,»ir! ) clT^IT"  <'-)yi  U. 

(Z//)K-  A.<°)X-- wj)  1-r  x,  * 

M(t  '£)  " J " 6 | £,,,.  (lift  E ..,»•*•  ' '■  ) 


(15) 


-h 


(uuiiy.A^tO?,-^-)!  rJ.J  cv(r,^-<t) 

Here  we  have,  for  convenience  in  the  next  section,  left  the  sclC-onorgy 
ports  in  terms  of  invariant  functions,  iixcopt  for  those  terras,  and  for  the 
terms  involving  the  energy  denominator  '/k\*U  » which  contributes  only  to 
the  states  for  which  T - J - , this  equation  is  identical  to  that  derived 

by  the  old  Tamm-Dancoff  method  ^ We  may  therefore  evaluate  these 
self -energy  parts,  and  use  them  to  find  corrections  to  the  phase  shifts 
previously  calculated,  oxceot  for  the  1 - J - states „ 

Br Benormall  zation  <, 

Let  Sift)  - Ys-S,;C?)^-  £u£?) 


and 


2>> 


These  are  the  well-known  nucleon  and  meson  self-energy  propogation  factors 
from  3econd-order  perturbation  theory  whose  strong  singularity  at  T ~ O . 
causes  the  divergence  of  their  momentum-space  integrals.  He  shall  follow 
the  usual  relativistic  subtraction  procedures  to  extract  their  finite  parts, 

\ 


-10- 


Ue  take  the  4-dimensional  fourier  transform  of  _Q  and 

nifi)  -- 


--  ^ 


- r»".xf  v 


(17) 


These  are  now  relntivistically  invariant  functions  of  the  4-vector 

momenta  p and  /\  0 More  specif  icallyj,  ^ l(c^  is  a function  of  (l  ^ 

only  , since  p Y , is  the  simplest  invariant  matrix  function  f 0 

1 tJ * 7 

Similarly  ^pK)  is  a function  of  only,  Thcso  facts  may  be  easily 
verified  by  explic:,A  calculation* 

In  the  usual  way,  ^ we  set  the  observable  (renormalized)  parts  of 
the  self-energy  operators  equal  to  the  following* 


b(x>) 


(is) 


('  if  r t M. 


1 o--1 ) - ) 


) - ( *‘+  ) 


O' 
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a x 


» I 

- X - 


(19) 
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(6)  P.T.  Matthews  Phil.  Mag.  £L  185  (1950) 
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The  subtractions  indicated  in  (19)  may  be  carried  out  by  following 

h) 

exactly  the  procedure  of  Karplus  and  Kroll  for  the  electron  self- 
energy. 

(pC 

- - iii.  C At  c V SJ (JtJJjJb  1 _i_ 


(ZfT) 


(<>t  O*  i" 


We  use 


0 \ ^ ^ - Vo  C 


to  get 


r f ' %.  -1  + (“K- 

a * \ i '-'5  \ -A  — — — 

(2^  J ■'o  ^ Pt  m’^u,  -r  [ S’-'v-1  J( ' 


. {22) 


The  denominate  of  the  integrand  may  be  written  j (5  t j3  ^ V +*  A ^ 
where  A*  - V*'  va1  ) i“  AA1  <a  i-  /-^  ' ( i -uO 

Ue  expand  the  integrand  in  a power  series  in  po.  j keeping  only  the  first 
two  terms,  because  the  higher  on©3  may  be  transformed  into  vanishing 
surface  integrals.  This  costs  (22)  into  tho  form 

_ m f -o  ( ‘ \Yy-k  <*•»(  »-*)  ~ 1 **• 

^ * «?o- r rl-L^f  on 


■+■  f 


5 S 


I 


(7)  R.  Karplus  and  N.M.  Kroll  Phys  Rev  XL  536  (1950) 
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Upon  carrying  out  the  differentiation  in  (23),  and  making  use  of  tho 
facto  that 


5 Rt1)  t f ■-  ° 

f *■'*  = '(vkllvltVt 


(24) 


we  find  the  following 


'(&)'!  <25) 
The  subtraction  proceduros  (18)  may  be  applied  to  this  equation,  end,  uaki 
of  «) 

.a  - iXi-  \ 1 - '.u'1’ 


use  of 
r 


- - \TT 


t \ A<r 


K-k] 


„ a;  + (v-c)'j" 


one  obtains 


(26) 


(A  - lA 


C +•  ( 0- 


1 


) 


•»  L 


(27) 


(8)  R.  p.  Feynman  Phys.  Rev.  £6  769  (1949) 


>13' 


where  i" /■*  k ( * "' ) 


It  is  worthwhile  noting  that,  although  it  vould  greatly  simplify  th  i 
e?aiua^ion3of  (27)  to  put  /+  ' ~ O , it  may  not  be  done,  because  jQ.  ^ 
is  not  an  analytic  function  of  ^ at  jlaX  - O „ 
mSGS  SELF~EKHRGY  REITOR!  *ALIZAT  ION 


rfSfir)*v  5 


^ ji L£_i—  X 


(23) 


3y  evaluating  the  spur  here,  one  cay  write 


V f ^ ? 


(29) 


<r 

The  second  term  clearly  gives  no  contribution  to  / , since  it  will 

drop  out  in  the  first  subtraction  in  (19).  This  is  also  true  of  the  first 
term,  as  may  be  seen  by  expanding  the  integrand,  as  was  done  in  (23). 


We  find 

f iH 

3 (p  • v»‘)x‘  -r  A/V 1 
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p'  r M 
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^plT^Av)'i 
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Thl3  will  completely  drop  out  in  the  subtraction  (19).  Therefore  the 
observable  parts  of  ^ are  all  contained  in  the  third  tern  of  (29), 
Application  of  (21)  yields 


5-  - 2^ 

*~l  L J Kv 


r u(  4l 


after  a change  of  variable  <;  r p - u X 


Wo  define 


jm-  |p  i 


””  | < ’*•  <a(.  » • ca)  X4*  "t~  A.  ] 

where  f\  is  a very  largo  mass. 

Using  (26),  (31)  becomes 


T(A) 


(30) 


(31) 


H*''  *')*r'  (32) 


The  subtractions  (19)  may  be  conveniently  performed  on  this  expression; 
when  one  does  them,  and  lets  A , one  obtains 
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which  may  be  quits  accurately  approximated  by  letting  /*  * O under  the 

integral  sign.  One  then  obtains 
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V.  Conclusion 

The  integrals  in  (27),  (34)  are  elementary,  and  may  be  carried  out 
without  difficulty.  The  arguments  of  JD.  and^  are  replaced  by  the 
following  functions  of  momentum  and  energy  in  the  center-of -oass  system 
P atd  e ; a , (j?  Ji-tSf)  ,*■*<* 
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Thus  (^0  L M J become  "£±  and  -W)  (({’  tl  i i becomes 

-iA  & 2 f,)*, Since  what  occurs  in  (15)  is  ( U(f)  jTLit)  U<y)  ) 

and  U(f>)  satisfies 
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E^. (15)  nay  now  bo  rewritten  in  the  form 
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„ x ( Interaction  terms) 
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where  the  interaction  terms  include  all  those  on  the  right-hand-side  of 
(15)  except  the  self -energy  terms,  and  I 


The  effect  of  the  self-eiiergy  terms  may  therefore  be  considered  as 
causing  the  coupling  constant  to  become  a function  of  momentum  and  energy. 
When  one  calculates  the  asymptotic  expressions  for  the  integrals  (34)  and  (27) 
for  large  p and  inserts  them  into  (37),  the  latter  becomes 
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Here  the  first  tern  within  the  brackets  arises  from  the  nucleon  self- 

energy,  the  second  from  the  meson*  It  is  seen  that  for  large  p (38)  is 

(9)  a r*  */ 

negative.  For  JA-O  it  is  by  definition  positive  and  equal  to  ^ Ailf  * 

(<SZ\ 

Therefore  for  some  p - < for  x^hich  has  a pole*  A pole 

in  the  wave  function  - pc*.}  would  imply  that  an  outgoing  wave  of 

momentum  < was  present,  if  one  assumed  an  Ingoing  wave  for  which 
A ~ O . This  K.  ) however,  with  the  given  energy  of  the  system  £.  , 
would  form  a space -like  energy '■momentum  four-vector,  which  Is  highly  un- 
physical, corresponding  to  something  like  production  of  particles  of 
imaginary  mass.  Ho  reconciliation  of  this  nonsensical  prediction  with 
reality  has  yet  been  made,  and  at  present  it  must  be  considered  as  raising 
serious  doubt  about  the  validity  or  consistency  of  the  Tamm-Dancoff 
approximation. 

1 would  like  to  thank  F.  J.  Dyson  for  suggesting  this  problem,  for 
essential  guidance,  and  for  several  helpful  discussions. 
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R.  H.  Dalitz  (Private  communication)  has  pointed  out  an  error  made 
by  me  in  the  evaluation  of  these  terms  which  radically  alters  their 
behavior.  His  information  ha3  prevented  the  pos3i6le  publication 
of  qualitatively  wrong  results,  and  is  greatly  appreciated. 
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Figure  1,  Intermediate  states  of  the  moscn  - nucleon  scattering  system 
which  are  allowed  in  the  Tamm-Dancoff  approximation.  Vertically  is 
plotted  the  number  of  mesons  present  in  the  real  state  in  excess  of  those 
present  in  the  vacuum,  horizontally  the  number  of  nucleons* 


